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Â ðàáîòå ïîëó÷åíî ðåøåíèå çàäà÷è R -ëèíåéíîãî ñîïðÿæåíèÿ äëÿ äâóõ êîíöåíòðè÷å-
ñêèõ êîëåö â êëàññå êóñî÷íî-ìåðîìîôíûõ ôóíêöèé ñ çàäàííûìè ãëàâíûìè ÷àñòÿìè. Ðå-
øåíèå çàïèñàíî â âèäå àáñîëþòíî è ðàâíîìåðíî ñõîäÿùåãîñÿ ðÿäà Òåéëîðà. Ñ ïîìîùüþ
ïàêåòà Mathematica ïîñòðîåíû ëèíèè òîêà è ýêâèïîòåíöèàëè äëÿ íåêîòîðûõ âîçìóùåí-
íûõ ïîëåé.
Êëþ÷åâûå ñëîâà: (êîëüöåâàÿ ñòðóêòóðà, çàäà÷à R -ëèíåéíîãî ñîïðÿæåíèÿ, ãåòåðî-
ãåííûå ñòðóêòóðû, êîìïëåêñíûé ïîòåíöèàë, ìåðîìîðôíûå ôóíêöèè)
1. Ââåäåíèå
Îäíèìè èç íàèáîëåå ðàñïðîñòðàíåííûõ ñòðóêòóð, âñòðå÷àþùèõñÿ â ïðèðîäå,
ÿâëÿþòñÿ êîëüöåâûå ñòðóêòóðû. Ïîýòîìó îíè ïðåäñòàâëÿþò îïðåäåëåííûé èíòå-
ðåñ ñ òî÷êè çðåíèÿ òåîðèè ãåòåðîãåííûõ ñðåä. Â ðàáîòå [1] ðàññìîòðåíî îáîáùåíèå
òåîðåìû Ìèëí-Òîìñîíà íà ñëó÷àé îäíîãî êîíöåíòðè÷åñêîãî êîëüöà. Íàéäåí êîì-
ïëåêñíûé ïîòåíöèàë, ÿâëÿþùèéñÿ çàìêíóòûì àíàëèòè÷åñêèì ðåøåíèåì ïîñòàâ-
ëåííîé ïðîáëåìû. Öåëü íàñòîÿùåé ðàáîòû - îïðåäåëåíèå êîìïëåêñíîãî ïîòåíöè-
àëà â êîëüöåâîé ñòðóêòóðå, ñîñòîÿùåé èç äâóõ êîíöåíòðè÷åñêèõ êîëåö â êëàññå
êóñî÷íî-ìåðîìîðôíûõ ôóíêöèé ñ ôèêñèðîâàííûìè ãëàâíûìè ÷àñòÿìè. Ïåðåéäåì
ê òî÷íîé ïîñòàíîâêå ðàññìàòðèâàåìîé çàäà÷è.
2. Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì ñðåäó, ñîñòîÿùóþ èç âíåøíîñòè êðóãà S1 = fz : jzj > r1g , êðóãà
S4 = fz : jzj < r3g è êîëåö S2 = fz : r2 < jzj < r1g , S3 = fz : r3 < jzj < r2g , ãäå
rk 2 R , r1 > r2 > r3 > 0 . Ðèñóíîê. 1.
Òðåáóåòñÿ ïîñòðîèòü ïëîñêîïàðàëëåëüíîå ñòàöèîíàðíîå ñèëîâîå ïîëå v(x; y) =
(x; y) = vp(x; y) , (x; y) 2 Sp; p = 1; 4 , ñîîòâåòñòâóþùèé êîìïëåêñíûé ïîòåíöè-
àë êîòîðîãî èìååò ôèêñèðîâàííóþ ãëàâíóþ ÷àñòü f(z) ñ êîíå÷íûì ìíîæåñòâîì
îñîáûõ òî÷åê T = T1 [    [ T4 , Tp  Sp .
Êðàåâûå óñëîâèÿ çàïèøåì ñ ïîìîùüþ êëàññè÷åñêîé ìîäåëè, îáùåïðèíÿòîé â
òåîðèè ãåòåðîãåííûõ ñðåä [2].8<:
v1(t) = A1v2(t) +B1r
2
1t
 2v2(t); t 2 l1 = ft : jtj = r1g;
v2(t) = A2v3(t) +B2r
2
2t
 2v3(t); t 2 l2 = ft : jtj = r2g;
v3(t) = A3v4(t) +B3r
2
3t
 2v4(t); t 2 l3 = ft : jtj = r3g:
(1)
Êîýôôèöèåíòû Ap , Bp îïðåäåëÿþòñÿ ïî ôîðìóëàì:
Ap = (p + p+1)=2p; p = 1; 2; 3;
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Ðèñ. 1. Êîëüöåâàÿ ñòðóêòóðà, ñîñòîÿùàÿ èç äâóõ êîíöåíòðè÷åñêèõ êîëåö
Bp = (p   p+1)=2p; p = 1; 2; 3;
ãäå p - êîýôôèöèåíò, ïîñòîÿííûé â ôàçå Sp , õàðàêòåðèçóþùèé ôèçè÷åñêèå ñâîé-
ñòâà ñðåäû.
Ââåäåì îáîçíà÷åíèÿ:
p =
Bp
Ap
; p = 1; 2; 3:
3. Ðåøåíèå
Êóñî÷íî-ìåðîìîðôíîå ðåøåíèå v(z) çàäà÷è (1) ñ çàäàííîé ãëàâíîé ÷àñòüþ
F (z) = f 0(z) ìîæíî ïðåäñòàâèòü â ñëåäóþùåé ôîðìå:
v(z) = vp(z) = Fp(z) + Vp(z); z 2 Sp; p = 1; : : : ; 4; (2)
ãäå Fp(z) - ñóììà âñåõ ñëàãàåìûõ ôóíêöèè F (z) , èìåþùèõ ïîëþñà â îáëàñòè Sp ,
à Vp(z) - íåèçâåñòíàÿ ïðàâèëüíàÿ ÷àñòü, ãîëîìîðôíàÿ â Sp è èñ÷åçàþùàÿ íà áåñ-
êîíå÷íîñòè.
Ââåäåì îáîçíà÷åíèÿ: Sp - ñîîòâåòñòâåííî âíóòðåííîñòü è âíåøíîñòü îêðóæíî-
ñòè jzj = rp . Ïî òåîðåìå Ëîðàíà ôóíêöèè Vp(z) , p = 2; 3 ïðåäñòàâèì â âèäå ñóììû
ñëàãàåìûõ:
Vp(z) = V
+
p (z) + V
 
p (z); V
 
p (1) = 0; (3)
ãäå V p (z) - ôóíêöèè ãîëîìîðôíûå ñîîòâåòñòâåííî â îáëàñòÿõ S
+
p 1 , S
 
p .
Ðàññìîòðèì ñîâîêóïíîñòü ôóíêöèé:
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1 =
(
 V1(z) +A1[F2(z) + V  2 (z)] +B1r21z 2V +2 (z1); z 2 S 1 ;
F1(z) A1V +2 (z) B1r21z 2[F2(z1) + V  2 (z1)]; z 2 S+1 ;
2 =
(
 V  2 (z) +A2[F3(z) + V  3 (z)] +B2r22z 2V +3 (z2); z 2 S 2 ;
F2(z) + V
+
2 (z) A2V +3 (z) B2r22z 2[F3(z2) + V  3 (z2)]; z 2 S+2 ;
3 =
 V  3 (z) +A3F4(z) +B3r23z 2V4(z3); z 2 S 3 ;
F3(z) + V
+
3 (z) A3V4(z) B3r23z 2F4(z3); z 2 S+3 ;
ãäå zk = r
2
k=z - òî÷êà ñèììåòðè÷íàÿ ñ òî÷êîé z îòíîñèòåëüíî îêðóæíîñòè lk ,
k = 1; 2; 3 .
Ôóíêöèè k ãîëîìîðôíû â ñîîòâåòñòâóþùèõ îáëàñòÿõ S
+
k =f0g , S k , à â ñèëó
ãðàíè÷íûõ óñëîâèé (1) íåïðåðûâíû íà ëèíèÿõ ñîïðÿæåíèÿ ýòèõ îáëàñòåé lk . Â
íóëå ó ýòèõ ôóíêöèé ïðîñòûå ïîëþñà, à â áåñêîíå÷íî óäàëåííîé òî÷êå, â ñèëó
óñëîâèÿ (V k (1) = Fk(1) = 0) îíè èñ÷åçàþò. Ïî îáîáùåííîé òåîðåìå Ëèóâèëëÿ
k = Ck=z , ãäå Ck  êîíñòàíòû, ïîäëåæàùèå îïðåäåëåíèþ. Íà îñíîâàíèè ýòîãî
ñîñòàâèì ñèñòåìó äëÿ íàõîæäåíèÿ èñêîìûõ ôóíêöèé.8>>>>>>>><>>>>>>>>:
 V1(z) +A1[F2(z) + V  2 (z)] +B1r21z 2V +2 (z1) = C1=z; z 2 S 1 ;
F1(z) A1V +2 (z) B1r21z 2[F2(z1) + V  2 (z1)] = C1=z; z 2 S+1 ;
 V  2 (z) +A2[F3(z) + V  3 (z)] +B2r22z 2V +3 (z2) = C2=z; z 2 S 2 ;
F2(z) + V
+
2 (z) A2V +3 (z) B2r22z 2[F3(z2) + V  3 (z2)] = C2=z; z 2 S+2 ;
 V  3 (z) +A3F4(z) +B3r23z 2V4(z3) = C3=z; z 2 S 3 ;
F3(z) + V
+
3 (z) A3V4(z) B3r23z 2F4(z3) = C3=z; z 2 S+3 :
(4)
Ñ ïîìîùüþ ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (4) îïðåäåëèì êîíñòàíòó C3 .
F3(z) + V
+
3 (z) A3V4(z) =
1
z

B3
r23
z
F4(z3) + C3

; z 2 S+3 : (5)
Âñå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà (5) ãîëîìîðôíû âñþäó â êðóãå S+3 è, â
÷àñòíîñòè, â òî÷êå z = 0 , ñëåäîâàòåëüíî â íà÷àëå êîîðäèíàò äîëæåí èñ÷åçàòü
êîýôôèöèåíò ïðè 1=z â ïðàâîé ÷àñòè ðàâåíñòâà. Èìååì
C3 =  B3 lim
z!0
r23
z
F4(z3):
Ëåãêî ïîêàçàòü, ÷òî ïîñëåäíèé ïðåäåë ðàâåí a4 , ãäå a4 =  res1F4(z) . Äåéñòâè-
òåëüíî, ëþáàÿ çàäàííàÿ, èñ÷åçàþùàÿ íà áåñêîíå÷íîñòè, ðàöèîíàëüíàÿ ôóíêöèÿ
F (z) ïðåäñòàâèìà â âèäå ñóììû
F (z) =
lX
k=1
Pmk

1
z   zk

;
ãäå Pmk - ïîëèíîì ïîðÿäêà mk , ñ êîýôôèöèåíòîì ckj ïðè z
j è íóëåâûì ñâîáîäíûì
÷ëåíîì. Ïîýòîìó
lim
z!0
r2z 1F (r2=z) = lim
z!0
lX
k=1
mkX
j=1
r2zj 1ckj
(r2   zkz)j =
lX
k=1
ck1:
Îòñþäà íà îñíîâàíèè òåîðåìû Êîøè î ïîëíîé ñóììå âû÷åòîâ [3] è ñëåäóåò íàøå
óòâåðæäåíèå.
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Òàêèì îáðàçîì,
C3 =  B3a4:
Àíàëîãè÷íûì îáðàçîì íàõîäÿòñÿ
C2 =  B2

a3   C3   C3
3

;
C1 =  B1

a2   C2   C2
2

:
Ðåøèì ñèñòåìó (4). Äëÿ ýòîãî èç äâóõ ïîñëåäíèõ óðàâíåíèé èñêëþ÷èì ôóíêöèþ
V4(z)
V  3 (z) = (1 3)F4(z) + 3r23z 2[F3(z3) + V +3 (z3)] 
C3 +3C3
z
:
Íàéäåííîå ïðåäñòàâëåíèå ïîäñòàâèì â òðåòüå óðàâíåíèå ñèñòåìû (4)
V  2 (z) = A2F3(z) +A2(1 3)F4(z) +A23r23z 2[F3(z3) + V +3 (z3)] 
  A2(C3 +3C3)
z
+B2r
2
2z
 2V +3 (z

2)  C2=z:
Èç âòîðîãî óðàâíåíèÿ èñêëþ÷èì V  2 (z)
V +2 (z) =
F1(z)
A1
 1r21z 2F2(z1) 1A2r21z 2F3(z1) 
 1A2r21z 2(1 3)F4(z1) 1A23

r3
r1
2
[F3(z

13) + V
+
3 (z

13)]+
+
1A2(C3 +3C3)
z
 1B2

r2
r1
2
V +3 (z

12) +
1C2
z
  C1
A1z
:
Çäåñü è äàëåå zij = (rj=ri)
2z . Ïîäñòàâëÿÿ íàéäåííûå ïðåäñòàâëåíèÿ â ÷åòâåðòîå
óðàâíåíèå ñèñòåìû (4), ïîëó÷èì ôóíêöèîíàëüíîå óðàâíåíèå îòíîñèòåëüíî V +3 (z)
V +3 (z) =  
 
13

r3
r1
2
V +3 (z

13) + 12

r2
r1
2
V +3 (z

12) + 23

r3
r2
2
V +3 (z

23)
!
+
+
F1(z)
A1A2
+
F2(z)
A2
  1r
2
1z
 2F2(z1)
A2
 13

r3
r1
2
F3(z

13) 23

r3
r2
2
F3(z

23) 
 1r21z 2F3(z1) 2r22z 2F3(z2)  (1 3)

1r
2
1z
 2F4(z1) + 2r
2
2z
 2F4(z2)

+
+
(1 +2)(C3 +3C3)
z
+
1C2   C2
A2z
  C1
A1A2z
:
Îáîçíà÷èì ñóììó èçâåñòíûõ ñëàãàåìûõ, ñòîÿùèõ â ïðàâîé ÷àñòè ïîëó÷åííîãî ðà-
âåíñòâà, ÷åðåç F0(z) è ââåäåì îïåðàòîð âèäà
KijV (z) = ij

rj
ri
2
V (zij);
òîãäà íàéäåííîå âûøå ôóíêöèîíàëüíîå óðàâíåíèå ïðèìåò âèä
V +3 (z) =  (K13 +K12 +K23)V +3 (z) + F0(z): (6)
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Âñå ñëàãàåìûå â ïðåäñòàâëåíèè (6) ãîëîìîðôíû â êðóãå S+2 , ïîýòîìó èõ ìîæíî
ïðåäñòàâèòü â âèäå ñõîäÿùèõñÿ â ýòîì êðóãå ðÿäîâ Òåéëîðà
V +3 (z) =
1X
l=0
clz
l; KijV
+
3 (z) =
1X
l=0
ij

rj
ri
2l+2
clz
l; F0(z) =
1X
l=0
F
(l)
0 (0)
l!
zl:
Ó÷èòûâàÿ äàííûå ðàçëîæåíèÿ èç ôóíêöèîíàëüíîãî óðàâíåíèÿ (6) íàéäåì
cl =
F
(l)
0 (0)
l!

1 + 13

r3
r1
2l+2
+12

r2
r1
2l+2
+23

r3
r2
2l+2 :
Òàêèì îáðàçîì, èñêîìûì ðåøåíèåì ÿâëÿåòñÿ àáñîëþòíî è ðàâíîìåðíî ñõîäÿùèéñÿ
ðÿä
V +3 (z) =
1X
l=0
F
(l)
0 (0)z
l
l!

1 + 13

r3
r1
2l+2
+12

r2
r1
2l+2
+23

r3
r2
2l+2 : (7)
Íà îñíîâàíèè ïîëó÷åííîãî ðåøåíèÿ èç ñèñòåìû (4) ïîñëåäîâàòåëüíî íàéäåì îñòàëü-
íûå ôóíêöèè. Ó÷èòûâàÿ (3) ïîäñòàâèì èõ â ïðåäñòàâëåíèå (2).
v4(z) = F4(z) + (F3(z) + V
+
3 (z))=A3  3r23z 2F4(z3)  C3=A3z;
v3(z) = F3(z) + V
+
3 (z) + (1 3)F4(z) + 3r23z 2[F3(z3) + V +3 (z3)] 
C3 +3C3
z
;
v2(z) = F2(z) +A2F3(z) +A2(1 3)F4(z) +A23r23z 2[F3(z3) + V +3 (z3)] 
+B2r
2
2z
 2V +3 (z

2) +
F1(z)
A1
 1r21z 2F2(z1) 1A2r21z 2F3(z1) 
 1A2r21z 2(1 3)F4(z1) 1A23

r3
r1
2
[F3(z

13) + V
+
3 (z

13)] 
 1B2

r2
r1
2
V +3 (z

12) +
A2((1  3)C3 + (13   1)C3)
z
+
+
1C2   C2
z
  C1
A1z
;
v1(z) = F1(z) +A1F2(z) +A1A2F3(z) +A1A2(1 3)F4(z)+
+A1A23r
2
3z
 2[F3(z3) + V
+
3 (z

3)] +A1B2r
2
2z
 2V +3 (z

2) +
B1r
2
1z
 2F1(z1)
A1
 
 B11F2(z) B11A2F3(z) B11A2(1 3)F4(z) B11A23r23[F3(z3)+V +3 (z3)] 
 B11B2r22V +3 (z2) 
A1A2(1 + 12)(C3 +3C3)
z
+
(1   1)C2
z
  1C1 + C1
z
:
4. Ïðèìåðû
1)Ïóñòü f(z) = 2 ln(z 4; 5) ln(z+2 2i) , r1 = 6 , r2 = 3:5 , r3 = 2 , òîãäà F1(z) =
0 , F2(z) = 2=(z   4; 5) , F3(z) =  1=(z + 2   2i) , F4(z) = 0 . Èç ôóíêöèîíàëüíîãî
6 À.Þ. ÊÀÇÀÐÈÍ
óðàâíåíèÿ íàéäåì:
F0(z) =
2
A2(z   4; 5) +
91
2A2(z   18)  
1(2 + 2i)
z(2 + 2i) + 36
  2(2 + 2i)
z(2 + 2i) + 12; 25
 
  13
z + 18  18i  
1623
16z + 98  98i :
Ïî íàéäåííûì ôîðìóëàì îïðåäåëèì êîíñòàíòû C1 , C2 è C3
C3 = 0; C2 = B2; C1 =  B1:
Ïðèìåðû ïîëåé äëÿ èñòî÷íèêà [4] â òî÷êå z = 4; 5 è ñòîêà â òî÷êå z =  2 + 2i
ïðåäñòàâëåíû íà ðèñóíêå (2).
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Ðèñ. 2. Èñòî÷íèê èíòåíñèâíîñòè   = 4 è ñòîê èíòåíñèâíîñòè   = 2 : äëÿ
1 = 1; 2 = 0; 2; 3 = 5; 4 = 0:5 ñëåâà è äëÿ 1 = 1; 2 = 10; 3 = 2; 4 = 50 ñïðàâà.
2)Ïóñòü f(z) =  0; 5z 2 , r1 = 6 , r2 = 4:5 , r3 = 2 , òîãäà F1(z) = 0 , F2(z) = 0 ,
F3(z) = 0 , F4(z) = 1=z
3 . Èñïîëüçóÿ ôóíêöèîíàëüíîå óðàâíåíèå íàéäåì:
F0(z) =   162z
6561A3
  1z
1296A3
:
Ââèäó îòñóòñòâèÿ ïðîñòûõ ïîëþñîâ ó ôóíêöèè f 0(z) êîíñòàíòû C1 , C2 è C3 íóëè.
Ïðèìåðû ïîëåé äëÿ êâàäðóïîëÿ â íóëå ïðåäñòàâëåíû íà ðèñóíêå (3).
ÇÀÄÀ×À R-ËÈÍÅÉÍÎÃÎ ÑÎÏÐßÆÅÍÈß 7
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Ðèñ. 3. Êâàäðóïîëü èíòåíñèâíîñòè   = 2 : äëÿ 1 = 1; 2 = 0; 1; 3 = 100; 4 = 10
ñëåâà è äëÿ 1 = 1; 2 = 20; 3 = 0; 1; 4 = 10 ñïðàâà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò  13-01-00322).
Summary
A.Yu. Kazarin. The solution of R -linear conjugation problem for two concentric rings in
the class of piecewise meromorphic functions.
The problem of R -linear conjugation for two concentric rings is solved in the class of
piecewise meromorphic functions with their principal parts xed in advance. The solution is
written with the help of Taylor absolutely and uniformly convergent series. Examples of ow
nets (isobars and streamlines) are presented for two dierent cases.
Key words: (annulus media, the problem of R -linear conjugation, heterogeneous
structures, piecewise meromorphic functions, refraction)
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